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Abstract
Analytical harmonic superfields are the basic variables of a standard harmonic
formalism of SYM24 -theory. We consider superfield actions for alternative formu-
lations of this theory using the unconstrained harmonic prepotentials. The cor-
responding equations of motion are equivalent to the component field equations of
SYM24 -theory. The analyticity condition appears only on-shell as the zero-curvature
equation in the alternative formulations.
Harmonic superspace has been introduced for the consistent off-shell description of
the supersymmetric theories with N = 2, D = 4 supersymmetry [1]. Analytical prepoten-
tials of the SYM24 -theory V
++ live in the analytic harmonic superspace with a restricted
number of spinor coordinates. The action of this theory is a nonlinear functional of the
analytic prepotentials [2, 3].
We shall use the basic notions and notation of Ref[2]. Let us consider the harmonic-
zero-curvature equation for the harmonic connections V ++, A−− with a dimension d = 0
∂++
A
A−− − ∂−−
A
V ++ + [V ++, A−−] = 0 (1)
This equation has the following perturbative solution [3]:
A−−(V ) =
∞∑
n=1
(−1)n
∫
du1 . . . dun
V ++(z, u1) . . . V
++(z, un)
(u+u+1 ) . . . (u
+
nu
+)
(2)
where the harmonic distributions (u+1 u
+
2 )
−1 [1] are used.
The nonlinear equation of motion of SYM24 has the following form [3]:
F++ = (D+)2(D¯+)2A−−(V ) = 0 (3)
1
where D+α and D¯
+
α˙ are the flat spinor derivatives in the harmonic superspace.
We use the analytic basis of the superfield gauge theory in the harmonic superspace
with the analytic gauge parameters Λ. This basis is natural for the description of the
covariantly analytic superfields.
Note that the analyticity conditions of the standard harmonic formalism are kinematic
(off-shell):
D+αV
++ = D¯+α˙V
++ = 0 (4)
One should use also the conventional constraint for the spinor connection A−a =
(A−α , A¯
−
α˙ ) [3]
[∇−−, ∇+a ] = ∇
−
a = D
−
a + A
−
a = D
−
a −D
+
a A
−− (5)
Now we shall discuss the alternative (dual) formulation of the SYM24 -theory . Let us
consider the following representation of the harmonic connection [4]:
A−− = Aˆ−− = D+α A
α(−3) + D¯+α˙ A¯
α˙(−3) = D+a A
a(−3) (6)
where Aa(−3)(z, u) are the unconstrained 4-spinor prepotentials a = (α, α˙) . This repre-
sentation solves explicitly Eq(3) but does not quarantees the conservation of analyticity.
The equation (1) in the new A-frame is treated as an integrable equation for the
function V ++(A−−) corresponding to a choice of the independent variables (6) . Consider
a dual in the U(1)-charge solution
Vˆ ++(Aa(−3)) =
∞∑
n=1
(−1)n
∫
du1 . . . dun
Aˆ−−(z, u1) . . . Aˆ
−−(z, un)
(u−u−1 ) . . . (u
−
nu
−)
(7)
where the new harmonic distributions (u−1 u
−
2 )
−k [4] are introduced. These distributions
satisfy the following relations:
∂−−1
1
(u−1 u
−
2 )
k
=
1
(k − 1)!
(∂++1 )
k−1δ(−k,k)(u1, u2) (8)
which are completely analogous to the relations for the standard harmonic distributions
with opposite U(1)-charges [1].
Let us write the alternative superfield action of the SYM24 -theory in the A-frame:
S(Aa(−3)) =
∫
d12z
∞∑
n=2
(−1)n
n
∫
du1 . . . dun
Tr[Aˆ−−(z, u1) . . . Aˆ
−−(z, un)]
(u−u−1 ) . . . (u
−
nu
−)
(9)
where Aˆ−− = D+a A
a(−3).
Consider an arbitrary variation of this functional
δS =
∫
d12zduTr
[
δAˆ−− Vˆ ++
]
=
∫
d12zduTr
[
δAa(−3) D+a Vˆ
++
]
(10)
Thus, the action (9) generates a dynamical analyticity equation of SYM24 [4]:
D+a Vˆ
++(Aa(−3)) = 0 (11)
2
Thus, the nonlinear dynamical equation (3) and the kinematic analyticity of the
standard harmonic formalism correspond to the linear constraint on the dual harmonic-
superfield variable A−− and the dynamical zero-curvature equation. Note, that the chiral-
ity properties and the full set of Bianchi identities for the SYM24 tensors W = (D¯
+)2A−−
and W = (D+)2A−− are the consequence of the dynamical analyticity and arise only
on-shell in the dual formulation.
The A-frame prepotential possesses the following gauge transformations [4]:
δAa(−3) = Ra(−3)Λ + [Λ, Aa(−3)] +D+b Λ
ab(−4) (12)
where a general symmetrical spinor Λab(−4) and an analytic scalar Λ are the Lie-algebra
valued superfield gauge parameters and Ra(−3) is some spinor differential operator. The
spinor derivative of δAa(−3) produces the standard gauge transformation of the harmonic
connection
δAˆ−− = ∂−−Λ +
[
Aˆ−−,Λ
]
= ∇−−Λ (13)
The A-frame action is invariant under the gauge transformations of new prepotentials
δΛS =
∫
d12zduTr[∇−−ΛVˆ ++] = (14)
−
∫
d12zduTr
[
Λ∇−−Vˆ ++
]
= −
∫
d12zduTr [Λ∂++D+a A
a(−3)] = 0
It should be stressed that prepotential Aa(−3) of our harmonic formalism contains an
infinite number of harmonic auxiliary fields , the physical component SYM24 fields and
pure gauge degrees of freedom in contrast with the analytic prepotential of the standard
harmonic approach which has physical and pure gauge components only [1]. The physical
sector of the superfield D+a A
a(−3) contains the vector Aαβ˙ , the spinor ψ
a
i , the independent
field-strengths F αβ, F¯ α˙β˙ , fαβ˙, f¯ α˙β˙ and the scalars Φ, Φ¯. The dynamical analyticity con-
dition (11) is equivalent to the component SYM24 equations of motion. All auxiliary fields
vanish on-shell and the standard first-order component SYM24 equations for F, F¯ , f, f¯ , A
and ψ arise, too. It is evident that the different representations of SYM24 theory are
equivalent on-shell and have identical component solutions for the physical fields.
One can consider the intermediate version of the harmonic-superfield action of SYM24
which interpolate between the action with the analytic prepotential and the dual action
(9). Introduce the independent nonanalytic harmonic connection V˜ ++
δV˜ ++ = ∂++Λ +
[
V˜ ++,Λ
]
(15)
The intermediate version of the SYM24 -action has the following form:
S(V˜ ++, Aa(−3)) =
∞∑
n=2
(−1)n
n
∫
d12zdu1 . . . dun
Tr
[
V˜ ++(z, u1) . . . V˜
++(z, un)
]
(u+1 u
+
2 ) . . . (u
+
nu
+
1 )
− (16)
−
∫
d12zduTr
[
D+a A
a(−3)V˜ ++
]
3
where the dual superfield Aa(−3) is treated as a Lagrange multiplier. This action is invariant
under the analytical gauge transformations of V˜ ++ and Aˆ−− with the common analytical
parameters.
The corresponding equations of motion are
A˜−−(V˜ ++) = D+a A
a(−3) (17)
where one should use the analogue of Eq(2) in the left-hand side and
D+a V˜
++ = 0 (18)
One can discuss also the 2nd alternative form of the interpolating SYM24 -action. Let
an unconstrained harmonic superfield A−−(z, u) and the analytic harmonic superfield
V ++ are the independent connections with the standard transformation laws. We suppose
that Eq(1) is not valid off-shell in this formulation. The new interpolating action has the
following form:
S(A−−, V ++) =
∞∑
n=2
(−1)n
n
∫
d12zdu1 . . . dun
Tr [A−−(z, u1) . . .A
−−(z, un)]
(u−1 u
−
2 ) . . . (u
−
nu
−
1 )
− (19)
−
∫
d12zduTr [A−−V ++]
where (u−1 u
−
2 )
−1 is the harmonic distribution (8).
The corresponding harmonic-superfield equations of motion are equivalent to Eqs(1,3)
of the standard harmonic formalism. It is easy to obtain the superfield Feynman rules for
this action by the analogy with Ref[2].
We hope that the dual formulations of SYM24 in the harmonic superspace will be
useful for the analysis of the remarkable quantum properties of this theory.
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